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Abstract

Thestandardjeometricor geodesi@ctive contouris apowerful sggmentatiormethod,
yetit is susceptibleéo weakedgesandimagenoise. We proposea new region-aided,
geometriccolouractive contourthatintegratesgradientflow forceswith region con-
straints.Theseconstraintarecomposedf imageregion vectorflow forcesobtained
throughthe diffusion of the region sgmentationmap. The extra region force gives
the snale a global view of the boundaryinformationwithin the imagewhich, along
with the local gradientflow, helpsdetectfuzzy boundariesand overcomenoisy re-
gions.ThepartialdifferentialequationPDE) resultingfrom thisintegrationof image
gradientflow anddiffusedregion flow is implementedusingthelevel setapproach.

1 Introduction

Theparametri@active contouror ‘snake’, developedby Kassetal. [8], minimisesaspline-
baseddeformingcurve towardsthe pull of featuressuchasedgesandlines. The enegy
is composedyy termsthat control its smoothnessnd attractit to the objectboundary
Reagion-basedarametricsnale frameworks have beenreported.e.g. [3], however these
still suffer from thedisadwantage®f parametriccontoursfor shaperepresentation.

The geometricmodel of active contours simultaneouslyroposediy Casellest al.
[1] andMalladi etal. [10], avoidsthe needto reparameterizthecurve andis basednthe
theoryof curve evolutionin time accordingto intrinsic geometriomeasuresf theimage.
It is numericallyimplementedvia level setalgorithms[14]. This helpsto automatically
handlechangesn topologyandhence without resortingto dedicateccontourtracking,
unknavn numbersof multiple objectscanbe detectedsimultaneously Furthermorege-
ometricsnalescanhave muchlargercaptureareagshanparametricsnales. Nevertheless,
they still suffer from two significantshortcomings First, they allow leakagento neigh-
bouringimageregionswhenconfrontedwith weak edges,andsecondthey may restat
local maximumsin noisy images. We handleboth theseproblemsin this paperby in-
troducing a diffusedregion force into the standardgeometricsnale formulation. The
proposednethodis referredto asthe Region-aided Geometric Shake or RAGS to reflect
thatit integratesgradientflow forceswith diffusedregion forces. The diffusedregion
force is obtainedfrom the region sgmentationmap vectorflow and givesthe snale a
globalview of the objectboundariesThetheoryis independenof ary particularregion
segmentatiortechnique We implementthe PDE resultingfrom the proposednethodnu-
merically usinglevel settheory[14] which enabledopologicalchangego be dealtwith



automatically In theresultssection,we illustratethe weakedgeimprovementsandeval-
uatethetoleranceo noise.Moreover, usingcolouredgegradientyafter[13]), the RAGS
shale will beshown to naturallyextendto objectdetectionin colourimages.
Therehasbeena numberof works basedn thegeometricsnale andlevel setframe-
work, e.g. [15, 12, 17]. For example,Siddiqi etal. [15] augmentedhe performanceof
the standardgeometricsnale (that minimisesa modifiedlengthfunctional),by combin-
ing it with a weightedareafunctionalwith animagedependentveightingfactor This
resultedin a modificationof the constanterm of the curve to helpit movein thedesired
direction more efficiently. However, this still did not provide a satishctory solutionto
theweakedgeleakageproblem[15]. ParagiosandDeriche[12] presentedheir Geodesic
Active Regionmodelin [12] whichinitially modeledtheimageusinga Gaussiamixture
modelto determinghe numberof regionsandtheir statistics. Then,multiple curveswere
usedto considereachseparatdhomogeneougegion andits probabilisticallydetermined
boundariesn a bimodalfashionwithin a geodesisggmentatiorframewnork. Their active
region modelconsistedf a region boundaryterm anda region termwhich actedasthe
externalpressurdorceandwasimplementediia the level setalgorithm.In [17], Yezziet
al. developedcoupledcurve evolution equationandcombinedhemwith imagestatistics
for imagesof a known numberof region types(bimodalandtrimodal), with every pixel
contributing to the statisticsof theregionsinsideandoutsideanevolving curve.

2 Background

Planargeometricactive contoursevolve with a velocity vectorin the direction normal
to the curve using a reaction-difusion model from mathematicaphysics[1, 10]. The
velocity containsaconstanthyperbolic)motiontermthatleadsto theformationof shocks
from which a representationf shapesanbe derived, anda (parabolic)curvatureterm
that smoothsthe front, shaving up significantfeaturesand shorteningthe curve. In [2]
and[11] theformulationof the geodesiactive contour hereaftemlsoequallyreferredto
asthe standardyeometricor geodesisnale, wasintroduced.

For a 2D actve contourC(x,t) the Euclideancurve shorteningflow is G = KA,
wheret denotestime, k is the Euclideancurvature,and .# is the inward unit normal
of the contour Amongits mary useful properties this formulation providesthe fastest
way to reducethe Euclideancurve lengthin thedirectionof the gradientof the curve [9].
Giventheinputimagel : [0,a] x [0,b] — O% in which the taskof extractingan object
contouris consideredandthe Euclideanlengthof curve C asL = ¢ |C'(q)|dq, thenthe
Euclideaniengthof acurveC in Riemanniarspacss:

Lo = [ DI C@)DIC @de 0

whereg(.) represents decreasindunction suchthatg(x) — 0 asx — o, andg(x) — 1

asx — 0. As shown in [2], the steadystateis achiezedby solvingthefollowing equation,
shaving how eachpointin theactive contourshouldmovein orderto decreas¢helength.
TheEulerLagrangeof (1) givestheright-handsideof (2). Then,usingEulerLagrangeas
shavnin [2], the steadystateof theactive contouris achiezedby minimising (1) shawving

how eachpointin the active contourshouldmovein orderto decrease¢helength:

G = g(|0I kA — (D01 - A) A )



Thefirsttermin (2) is the curvaturetermmultiplied by theweightingfunctiong(.) which

could be an edgeindicationfunctionthathaslargervaluesin homogeneousegionsand

very small valueson the edges. Since(2) is slow, Caselleset al. [2] addeda constant
inflation term G, = A to speedup the corvergence. Integratingit into the geometric
snhale modelletsthe curvatureflow remainregular:

Ci=g(|0I)(k +c).# = (Og(|TN ) - A) A (3)

wherec is arealconstanmakingthe contourshrink or expandto anobjectboundaryata
constanspeedn the normaldirection. The secondermof (2) or (3) actslike a doublet
which attractghe snale to thefeatureof interestsincethevectorsof (g pointtowardsthe
middle of theboundaries.

Despitetheir significantadvantagesgeometricsnalesonly uselocalinformationand
suffer from sensitvity to local minima. Hence they areattractedo noisy pixelsandalso
fail to recognisevealer edgedor lack of abetterglobalview of theimage.Theconstant
flow term can speedup convergenceand pushthe snale into concaities easily when
gradientvaluesat objectboundariesrelarge. But whenthe objectboundaryis indistinct
or hasgaps,it canalsoforce the snale to passthroughthe boundary The secondterm
in (3) attractsthe contourcloserto the objectboundaryandalsopulls backthe contourif
it leaksthrough,yet the force mayjust not be strongenoughsinceit still dependonthe
gradientvalues. Togetherthe forcesin (3) cannot preventweakedgeleakage.The left
framein Fig. 1 demonstratethis shortcomingof the standardyeometricsnale wheredue
to the gradualchangeof theintensity the contourleaksthrough.
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Figure 1: Weak-edgdeakage- left frame: geodesicsnale stepsthrough; right frame:
RAGS snale corvergesproperlyusingits extraregionforce.

3 Region-aided Geometric Snake

To make the geometricsnale muchmoretoleranttowardsweakedgesandimagenoise,
we proposea novel approachto integratethe gradientflow force with a diffusedregion
force of the imageresultingin our region-aidedgeometric/geodesisnale, RAGS. The
new region-dervedforce introducegylobalimagefeaturesandis aimedat complement-
ing the gradientflow force’s local objectboundaryinformation. We show thatthis com-
bination of forcesnot only improvesthe performanceof the geometricsnale towards
weakedgesbut alsomalkesit moreimmuneto noise. TheresultingPDEthenevolvesan
initial contourtowardsfinal corvergenceunderthe influenceof bothinternalforcesand
boundary-rgionalimageforces,andcanbeimplementediia level sets.

The gradientflow force is obtainedhereasin otheractive contourformulations,e.g.
[16, 13, 2, 15, 9]. The new region force canbe generatedrom ary imagesegmentation
technique,e.g. [4, 5]. This meansthat while RAGS is independentf any particular
segmentationmethodi,it is dependenbn the quality of the regionsproduced.However,



we showv a good degreeof toleranceto (reasonableyegmentationquality, and that our
shale indeedactsas a refinementof the initial region segmentation. To examinethis,
we will presentresultson region mapsobtainedfrom both the undersegmentationand
over-sggmentatioroptionsof the softwarefrom ComaniciuandMeer[4].

3.1 Region forcediffusion

The region force can be generatedy a variety of sggmentationtechniquesgreylevel

or colour. The sggmentationsplits the imageinto secerakegionsdistinguishedoy their
dominantcolour. The gradientof this sggmentationmap givesregion constraintsn the
vicinity of theregion boundarie®R. While the snale evolvesin ahomogeneougegion, it

doessomainly basednthegradientflow force. If thesnaletriesto stepfrom oneregion
into anotherit mustconcurwith theregionforcesinceit breaksheregion criteria,which

probablyindicatesa leakage.The captureareaof the pureregion forceis quite small. A

gradientvectordiffusionmethodwasproposedn [16] to extendthe gradientmapfurther
away from the edgesfor a larger capturefield. We usethis sameconceptto diffusethe
region boundarygradientmapresultingin region forceswith alarger captureareaalong
theregion boundariesHence the solutionof the generalisedegion vectorflow equation
is the equilibrium stateof

p(|OR})0?u—q(|OR])(u—ORy) = 0 "
p(|OR))0?v—q(|OR))(v—0OR) =0

where[? is theLaplacianoperatomith dimensionsi andv, andp(.) andg(.) areweight-
ing functionsthat control the amountof diffusion. Theseare selectedso that p(.) gets
smallerasq(.) becomedargerwith the desirablepropertyof little smoothingn the prox-
imity of large gradientsandthe vectorfield will be nearlyequalto the gradientof region
map. We usethefollowing functionsfor diffusingtheregion gradientvectors:

{ p(|OR)) = e (IHR/K) (5)
q(|OR)) = 1—p(|ORY)

with K aconstantactingasatradeof betweerfield smoothnesandgradientconformity.

3.2 RAGSformulation

TheRAGSformulationcanbederivedby consideringhediffusedregionforceasanextra
externalforceof thesnale. Theoriginal internalandexternalforcesof (3) aregivenby

{ Fint:g(“:”DK‘/f (6)
Fee = 9(|01)ct” —Og(|01)

whereg(.) is the stoppingfunction asbefore. Now we addthe diffusedregion force to
theexternalterm:

Fea = ag(|01)-# + BR—DOg(|01) (7)

whereR is the region force vectorfield obtainedin (4) anda is a new constanincorpo-
rating ¢ and causesehaiour thatis similar to c. Constantsy and 3 actasa tradeof
betweergradientandregion forces.The snale evolvesunderall theinternalandexternal



forces. As only the forcesin the normaldirectiondeformthe curve, the evolving curve
canberepresenteds L
G =[(Fn + Fea) - A ]A (8)

Finally, theregion-aidedgeometricsnale formulationbecomes:

C =[g(|0])(k + a) — Og(|01|) - A + BR- AN (9)

3.3 Level set representation

In this section,we outline the level setimplementationof RAGS. Level setsdescribea
moving front andarethe basisfor the numericalalgorithmfor curve evolution according
to functionsof curvature[14]. Let C bealevel setof afunctionof ¢ : [0,a] x [0,b] — O,
i.e.,Cis embeddednto thezerolevel setwith ¢ animplicit, intrinsic, andparametefree
representationf curve C. Givena planarcurve thatevolvesaccordingto C; = F.A for
agivenfunctionF, thentheembeddindunctionshoulddeformaccordingo ¢ = F|Og|,
wherelF is computednthelevel sets.By embeddingheevolutionof C in thatof ¢, topo-
logical changesf C are handledautomaticallyand accurag and stability are achieved
usingthe propernumericalalgorithm. Theinternalcurvatureandexternalpressuréerms
of theRAGSformulationin (9) canbeeasilytransferredo alevel setrepresentation:

{ CIZKJV - _‘(Q=K|D(p| (10)
G=9(Bl)er = a=g(|Dl])c/Og|

The externalforcesin (9) arestaticvectorfields derived from imagedatawhich do not
changeasthe active contourdeforms. Staticforce fields are definedon the spatialposi-
tions ratherthanthe active contouritself. Since.# is the inward normal, the level set

representationf theinwardunit normalis givenby N == E—"q;l. Thenwe have,

-

F- A = (F-Oe) (11)

_1
Do

Thisleadsto thelevel setrepresentationf RAGS as:
@ = 9(|01))(k +a)|0¢| +Og(01]) - Dp— BR- DOgp (12)

whereg(.) is thestoppingfunctionasbefore. Theexpressiorfor thecurvatureof thezero
level setassignedo theinterfaceitself is givenby

00N _ 6B 200y + By &
K:dlv(‘D(pl): CETIEE (13)

4 RAGS Snake on Vector-valued I mages

The theory of boundarydetectionby the geometricor geodesicsnale can be applied
to ary general'edge detector’function [2], with a stoppingfunction g tendingto zero
whenreachingedges.Let f beanedgedetector Then,thedecreasindunctiong canbe
ary decreasindgunctionof f suchthatg — 0 asf — . Whendealingwith graylevel
images,f andg (asusedin this work) are f = |J(Gaussx*1)| andg = (1+ f)~1. For



vectorvaluedimages,e.g. a colourimage,we apply the approachby di Zenzo[6] to
provide a consistenextensionof scalargradientshasedn a solid theoreticafoundation.
Such colour edgeswere also usedby [13] and[7] for their geometricand parametric
shalesrespectiely. In avectorvaluedimagethe vectoredgeis consideredisthelargest
differencebetweeneigervaluesin the tensormetric. Let ©(uy,u,) : 0% — O™ beam-
bandimagefori = 1,2,...,m. For colourimagesm= 3. Thedistancebetweertwo vector
points,P = (u?,u3) andQ = (u},u}), isgivenby A®=O(P) - ©(Q). Whenthis distance
tendsto the infinitesimal, the differencebecomeshe differentiald® = 52 ; [,u 9 du; with
its squarechormgivenby

2 2 9090

d@ZZZlZ 75, 9u ——duydy; (14)
UsingstandardRiemanniargeometrynotation,thenlet ;= % - g—f, suchthat
i i
— 2 iSdUdU — [ dul :|T|: Si1 Si2 |: dul ] (15)
igijzl e du, $S1 S» du,

For aunit vectorv = (cosf,sind), thend®?(v) indicatesthe rateof changeof theimage
in thedirectionof v. The extremaof the quadraticform areobtainedin the directionsof
theeigervectorsof the metrictensorqj , andthe correspondingigervaluesare:

S;1+8n* \/(311_522)2+4S%2

A:l:: 2

(16)

with eigervectors(cosb, ,sin6, ) wheretheanglesaregivenby 6, = 5 arctans% and

6_ = 6, + 7. The maximalandminimal ratesof changearethe eigervalues(A,,A_),
with correspondlngjlrecnonsof change(6, ,6_). The strengthof an edgein a vector
valuedcaseis not givensimply by the rateof maximalchangeA ., but by the difference
betweerthe extremums.Hence a goodapproximatiorfunctionfor the vectoredgemag-
nitudeshouldbebasedn f = f(A,,A_). Thereforewe canextendRAGSto theregion-

aidedgeometriccoloursnale by selectinganappropriateedgefunction f_, with theedge
stoppingfunctiong_, definedsuchthatit tendsto O asf_,, — o asbhefore:
1
foqg =AL—A_ and g, = Trf. a7

col

Replacingg,, (.) for theedgestoppingtermg(.) in (9), we have the colourRAGS snale:
Ct = [gcol(|D| |)(K+ CY) - Dgcol(|D| |) j"‘Bﬁj]j (18)
Finally, its level setrepresentatiois alsogivenby replacingg,, (.) for g(.) in (12):

@ = e (|01]) (k + @) 09| + Og (I01]) - D@ — BR- Do (19)



5 Analysisand Results

The RAGS (colour) snale propagatesinderthe influenceof four forces: (i) theinternal
curvatureflow force, (i) the pressurdorce generatedy the constanigradientflow, (iii)
the gradientof the (colour) edgestoppingforce,and(iv) the diffusedregion vectorforce
derived from region constraints.Theselatter constraintscan be generatedtartingwith
ary regionsggmentatiormethod.Here,we applythemeanshift algorithm[4] asageneral
greylevel/coloursegmentatiortechnique.This methodprovidesstandardore-setoptions
for over-sggmentatiorandundersegmentation We will show resultsfor both of theseto
illustratethe wide applicability of RAGS.

As shown earlierin Fig. 1, the standardgeometricsnale stepshroughtheweakedge
becausédhe intensity changeso graduallythat thereis no clearboundaryindicationin
theedgemapalone.Weakedgesanbe handledby RAGS (right frameof Fig. 1) through
the extra diffusedregion force which deliversusefulglobal informationaboutthe object
boundaryandhelpspreventthe snale from steppingthrough.

The harmonicshapen Fig. 2 wasusedto examineRAGS's toleranceto noise. The
shapewasgeneratedisingr = a+ bcos(m@ + c), wherea, b, andc remainedconstant
andm = 6 wasusedto producesix ‘bumps’[16]. Varyingamountof noisefrom 10%to
60%wasaddedandtheaccurag of fit (i.e. boundarydescription)aftercorvergencewas
measuredaisingMaximum RadialError (MRE), i.e. the maximumdistancein theradial
directionbetweerthetrueboundaryandthesnale. Fig 2 shavs theoriginal noisyimages
in thetop row andtheregion sgmentationsisedfor RAGSin the next row (withoutarny
post-processingp closegapsetc.). Thethird andfinal rows shav the corvergedsnale for
thestandardjeometriandRAGSsnalesrespectiely. Theinitial snalein eachcasevasa
squareattheedgeof theimage.A simplesubjectve examinationclearlydemonstratethe
superiorsegmentationquality of the proposedsnale. At low ratesof noise,both snales
could find theboundaryaccuratelyenough.However, atincreasingates(> 20%), more

% noise 0 10 20 30 40 50 60
Stand. Geom. Error || 2.00| 2.23 | 5.00 | 10.00| 16.16 | 15.81| 28.17
RAGSError 2.00| 2.00| 4.03| 341 | 522 | 538 | 583

Tablel: Maximum RadialError comparisorfor the Harmonicshapesn Fig. 2.

andmorelocal maximumsappeain thegradientflow forcefield, preventingthe standard
geometricsnale from corverging to the true boundaries.The RAGS shale hasa global

view of the noisyimageandthe underlyingregion force pushest towardsthe boundary

The quantitatve MRE resultsareshovn in Tablel.

Fig. 3 shavs a good example of weak-edgdeakageat the right side of the object
of interestin a greylevel image. While RAGS doesextremelywell here,the geometric
snale leaksthrough.Fig. 4 compareghe standarcdjeometricsnale againsthe proposed
RAGS snale on a colourimage of a mouthulcer. A snale is initialised to detectan
inner region which hasa small blurred sectionalongits upperboundary This is again
a hard casefor the geometricsnale becausdhe weak edgeis difficult to detect. It not
only hassimilar colourto the innerandouterareasput also‘dilutes’ graduallyinto the
background.Indeed,the standardsnale stepsthroughthe edge. However, RAGS (last
two columnsof Fig. 4) reachests steadystateand successfullycorvergesto the inner



boundaryirrespectve of whetherthe underor over-segmentatiorof the methodin [4] is
usedto generateheinitial region map,asshown.

Fig. 5 demonstratetheimprovementover the standardyeometriacolour snale (from
[13]). Unlike thelatter, RAGS managego ignorethe noisyregionin thetop right of the
imageandcorvergestightly aroundthe object,againdueto the strongerdiffusedregion
forcesattheboundaryIn Fig. 6, aclose-upview of aretinaldiskis shovn. Theboundary
of the optic disk is quite fuzzy andwell blendedwith the background.Theregion force
helpsthe proposedsnale stop at weak edgeswhile the standardyeometricsnale leaks
through.Region segmentatiorresults(underandover-sggmentation)vith corresponding
shalesarealsoshavn. Fig. 7 againshowvs that RAGS cornvergeson the objectvery well
despiteheunsmoothnoisyimageregionswhile thestandardnalefailsto dealwith local
maximaof which therearemary in the background Hence at typical pressurdorcesit
getsstuckin the background.Furthermore RAGS managedo resohe betweerthe cell
outeredgeandits nucleusdueto the strongnucleusedgeinformation.

6 Conclusions

A novel method theregion-aidedgeometricsnale or RAGS, wasproposedIt integrates
the gradientflow forceswith region constraintscomposedy the imageregion vector
flow forcesobtainedthroughthe diffusion of the region sgmentationmap. The the-
ory behindRAGS is stand-aloneand hencethe region force canbe generatedrom ary
reasonablegmentatiortechnique We alsoshowvedits simpleextensionto colourgradi-
ents. We demonstratethe performanceof RAGS, againsthe standardyeometricsnale
onweakedgesandnoisyimagesaswell ason anumberof otherexamples.

We have performedmary experimentdo verify theresilienceof RAGSto weakedges

Figure2: Shaperecovery in noisyimages- (row 1) original imagewith variouslevels
of addedGaussiamoise[0%,10%,...,60%](row 2) the region mapslater diffusedfor
RAGS; (row 3) standardyeometricsnale results;(row 4) RAGSresults.



Figure3: Brain MRI - from left: initial, standardyeometricandRAGS snales.

Figure4: Weak-edgdeakage- top row: startingcontour over-segmentationcolour re-
gions,and undersegmentationcolour regions, bottomrow: geodesicsnale which steps
throughandRAGS snale for over andundersggmentatiorregion mapsrespectiely.

andnoise. However, RAGS cansuffer from the sameshortcomingssthe standardyeo-
metricsnale, or its colourbasedelationin [13], in thatit will notperformwell in highly
texturedregionswherethe abundanceof edgeinformationwill preventthe main object
to bereachedlt is alsodependenbn areasonablseggmentatiorstage althoughthis was
shawvn to be quite flexible usinga popularmethodwith standardbuilt-in options[4].
Furtherimagesandresultscanbefoundonline! wherewe have alsoextensiely com-
paredthe RAGS snale againstanothempopularsnale, thegeometricGGVF snale [16].
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